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Equations in Cosmology

In this post, we will look at some of the equations in cosmology that determine
the dynamics of the Universe.

1. Friedmann equation
2. Fluid equation
3. Acceleration equation

4. Equation of State

Friedmann equation

We know the Universe is expanding and that the rate at which two galaxies
move apart is proportional to the distance between them.

Let's consider galaxies in the following grid
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As the Universe expands the distance between A and B, lets call it Dgp
increases, since Dy, is twice that of Dgp, it separation increases twice as fast.

D = a(t)Azx
Dgy = a(t)Amab

a(t) is the scale factor which is a function of time. Az is the grid unit length.
Let's now look at the velocity which is simply the time derivative of the
distance.

D =a(t)Az and V = a(t)Azx

Taking the ratio
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D  a(t
This gives
a(t) is the Hubble constant.

V =H=xD where H= =X
a(t)

Consider the law of conservation of Energy
T+U-=F

2
mv®  GMm __
2 D =F

here the first term is the kinetic energy, the second term is the potential

energy and E represents the Total energy.

But we know v = @R and D = a(t)R, where Ris just v/Az? + Ay? + Az?

)R  2GM _ 2E
1 a() R =~ m'

a® (t)R? B 8rGa’ ()R’p __ 2F
1 3 T m
since M = —4”“3(;)1%3’)

Dividing the whole equation with a?(t) R?

a’(t)  8Gp _ _ 2E
a?(t) 3  ma?(t)R?

Finally we arrive at the equation

a’(t)  8rwGp K
a?(t) 3 a®(t)
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a positive, flat and negative curvature respectively. The current estimates

predict the our Universe is most likely Flat.

Where Kk = — represents the curvature of the Universe, it is 1,0 and -1 for

This equation is known as the Friedmann equation. Lets now look at
the Fluid equation.

Fluid equation

Consider the first law of thermodynamics

dE + PdV =TdS
For a reversible system, the change in entropy dS = 0

dE = —PdV

. 9 4ma®(t)R®pc
E =mc" = 3

Since m = p * V where p is the Energy density and

V = 4mad (t)R?

3

Ignoring R? since it will get cancelled from both sides

dE __ 1 __ 4pc’a’(t)a 4mal (t) p
dt E = + 3
And

&V —V = 4ra®(t)a(t)
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We can now write

4mpc’a’ (t)a + e’ ()c 1 4Pra?(t)a(t) =0

Cancelling the terms

pa + %p + —sz,(t) =0

. al(t P
P+3Q[P+ /=0
a C

This equation is known as the Fluid equation. Finally let's derive the
acceleration equation.
Acceleration equation.

Given the Friedmann equation and the Fluid equation, we can now derive the
acceleration equation.

| can write the Friedmann equation like thiis

| a2 (t) _ 87 Gpa’(t) _k

3

Taking time derivative both sides

| 2a(t)a(t) _ 167TGp;(t)d(t) + 87rG’c?L)2(t)p'

Substituting the value of p from the Fluid equation.
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i(t) = —SWG?’? W) _ 4rGa(t)p+ g]

Dividing by the scale factor a(t) both sides, putting speed of light ¢ = 1 and
simplifying, we arrive at the acceleration equation.

ity = ~5%lp + 3P

This equation is known as the acceleration equation.

I\

Lets write all the three equations together, the Friedmann
equation, the Fluid equation and the acceleration equation.

a*(t) 8nGp K
a(t) 3 a?(t)

ﬁ—|—3?[p+P] =0
Zg n 47;G o+ 3P

So nhow we have three equations and only two of them are independent. We
just derived the acceleration equation using the fluid and the friedmann
equation. Since we have three unknows a(t), p(t) and P, we would need
one more equation for consistency. This fourth equation, also known as
equation of state is a relation between the energy density p(t) and the
pressure P.

Equation of state
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P—wp=0

Here w is a dimensionless quantity that depends on the stuff that fills the
Universe. For a Universe dominated by radiation w will be different compared
to for a Universe which is matter dominated.

These four equations together determine the dynamics of the
Universe.
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